We study the thermoelectric properties of a Kramer's pair of helical edge states of the quantum spin Hall effect coupled to a nanomagnet with a component of the magnetization perpendicular to the direction of the spin-orbit interaction of the host. We show that the transmission function of this structure has the desired qualities for optimal thermoelectric performance in the quantum coherent regime. For a single magnetic domain there is a power generation close to the optimal bound. In a configuration with two magnetic domains with different orientations, pronounced peaks in the transmission functions and resonances lead to a high figure of merit. We provide estimates for the fabrication of this device with HgTe quantum-well topological insulators.
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Introduction.
Thermoelectricity in the quantum regime is attracting high interest for some years now [1, 2] . Systems hosting edge states, like the quantum Hall and quantum spin Hall are paradigmatic realizations of quantum coherent transport. Several theoretical and experimental results on heat transport and thermoelectricity in these systems have been recently reported .
Unlike the quantum Hall state, which is generated by a strong magnetic field, the quantum spin Hall (QSH) state taking place in two-dimensional (2D) topological insulators (TI), preserves time-reversal invariance. Therefore, the edge states appear in helical Kramer's pairs [30] [31] [32] [33] [34] [35] with opposite spin orientations determined by the spin orbit of the TI. Several heat engines and refrigerators have been recently proposed, taking advantage of the fundamental chiral nature of the quantum Hall edge states, which manifests itself in multiple-terminal structures [18] and in quantum interference [19] . Recently, the property of charge fractionalization was also pointed out as a mechanism to enhance thermoelectricity [21] . All these setups rely on the existence of quantum point contacts and quantum dots in the structure, tunnel-coupled to the edge states, which are generated by recourse to constrictions. The fabrication of these elements is nowadays normal in the context of the quantum Hall effect [36] [37] [38] . However, their realization in the context of the QSH effect remains an experimental challenge so far, although they are widely investigated theoretically [39] [40] [41] [42] [43] [44] [45] [46] .
In the quantum coherent regime the electronic transport properties take place without inelastic scattering and are fully characterized by the transmission function. Particle-hole symmetry breaking is a necessary condition for steady-state heat to work conversion. Hence, having transmission functions rapidly changing in energy within the relevant transport window, is the key to achieve optimal thermoelectricity [2, [47] [48] [49] [50] . The optimal performance is usually quantified by the figure of merit ZT , with the Carnot limit achieved for ZT → ∞. This ideal limit can be realized for transmission functions contain- ing delta-function like peaks [47] . In this sense, structures with resonant levels like quantum dots are particularly promising [51] [52] [53] [54] [55] . On another hand, electrical power generation out of heat is the aim of thermoelectric heat engines. This is optimized by transmission functions behaving like Heaviside-theta functions within the relevant transport window [49, 50] . In the case of quantum-Hall edge states, configurations with several quantum point contacts and quantum capacitors, have been recently proposed to engineer the transmission function for optimal thermoelectricity by recourse to quantum interference [19] .
In the present work we analyze a mechanism for edgestate thermoelectricity in a QSH structure, which does not rely on quantum point contacts not quantum dots. It is based on the coupling of a Kramers pair of helical edge states of the QSH to a magnetic domain. The structure we analyze is sketched in Fig.1 , an edge-state pair of a 2D TI is contacted by nanomagnets. We consider two configurations, a single magnetic island with a given magnetic orientation, as well as two attached islands with different orientations of the magnetic moments. In both configu-arXiv:1904.12688v1 [cond-mat.mes-hall] 29 Apr 2019 rations, the key ingredient is a finite component of the magnetic moments perpendicular to the direction of the spin-orbit interaction of the TI. A similar structure was previously considered in Refs.56-58, focusing on the interplay between spin-torque induced current and the consequent pumping induced by the precession of the magnetic moment. In combination to superconducting contacts, this structure has been investigated as a platform to realize topological superconductivity [59] [60] [61] . Here, we show that the simple two-terminal setup of Fig.1 , under the effect of a simultaneous voltage and temperature biases, has the desired properties for optimal heat to electrical work dc conversion. We analyze the transmission function for this structure and the impact of the different features on the thermoelectric response. Remarkably, this function takes the best of the two worlds regarding power generation and large figure of merit, since it has features alike a theta function and delta-function type resonances due to bound states in the gap, as well as peaks alike quantum dots. We provide estimates for the different components of the device and we argue that it is within the present state of the art of fabrication of 2D TI structures [33] [34] [35] .
Thermoelectric performance in the quantum coherent regime. We briefly review the linear-response thermoelectric approach assuming small differences of chemical potential eV = µ 1 − µ 2 (with µ 1 = µ), and temperature ∆T = T 2 − T 1 (with T 1 = T ), applied at the contacts of the edge states, as indicated in Fig. 1 [2] . The induced charge and heat currents are
We have introduced the affinities X 1 = eV /k B T and X 2 = ∆T /k B T 2 . In the quantum coherent regime, the elements of the Onsager matrix are fully determined by the transmission function T (ε) as follows,
where f (ε) = 1/(e (ε−µ)/k B T + 1). The key for the thermoelectric heat to work conversion is encoded in the offdiagonal coefficient L 12 = L 21 . The quality of this conversion is evaluated in terms of the efficiency (for the heat engine), η he = (I C T X 1 )/I Q , being P = I C T X 1 the generated power, or coefficient of performance (for the refrigerator), η fri = −I Q /I C T X 1 , being −I Q the heat current extracted from the cold reservoir. In both cases, for a given difference of temperature, the maximum values for these coefficients can be parametrized by the figure of merit ZT = L 2 21 /DetL, as follows
being η he C = η fri C −1 = ∆T /T the Carnot efficiency, which is achieved for ZT → ∞, while the value η he/fri ∼ 0.3 η C corresponds to ZT ∼ 3. As originally shown by Mahan and Sofo, the ideal upper bound η he/fri C is obtained for T (ε) ∼ δ(ε − ε 0 ), while ZT attains high values when T (ε) has peaks within the relevant transport window |ε−ε 0 | ∼ k B T . On another hand, for the heat engine operational mode, the maximum achievable power for a given ∆T and the corresponding efficiency are
.
It has been shown that the maximum power is bounded by 0.32P 0 for a transmission function of the form
Transmission function. The structure sketched in Fig.1 is modeled by the following Hamiltonian
T , represent the right(left)-moving electrons with velocity v F and ↑ (↓) spin orientations, J is the magnetic exchange interaction between the magnetic moment of the island and the spin of the electrons, andσ = σ x ,σ y ,σ z are the Pauli matrices. The magnetic island is described by the following piece-wise spacial distribution of the magnetic moment within segments of lengths L j = x j − x j−1 , with
m j = m j⊥ cos φ j , m j⊥ sin φ j , m j|| is the magnetic moment with components m j|| (parallel) and m j⊥ (perpendicular) with respect to the direction of the spin-orbit interaction of the TI. We focus on a single island (N = 1) and two islands N = 2 of the same length but with different orientations of the magnetic moment. In order to calculate the transmission function we proceed as in Ref. [62] , starting from the evolution operator in space for the whole scattering region. It readŝ
= exp i ε j|| v F L j σ 0 cos λ j − in j ·σ sin λ j , being λ j = i ε j⊥ sin φ j , −i ε j⊥ cos φ j , ε L j /( v F ), with ε ||,⊥ = Jm ||,⊥ , and n j = λ j /λ j . The transmission function is the inverse of the element 2, 2 of the transfer matrix, which is, in turn, the inverse of the matrixÛ(L, 0). Hence, T (ε) = |Det[Û(L, 0)]/U(L, 0) 1,1 | 2 . Results for a single homogeneous island. We start by discussing the case of an homogeneous domain, described by the previous Hamiltonian with a single piece, N = 1. The resulting transmission function is
being λ = rL/L 0 , with L 0 = v F /ε ⊥ and r = (ε/ε ⊥ ) 2 − 1. Notice that the transmission function does not depend on the detailed orientation of the magnetic moment but only on the projection m ⊥ perpendicular to the direction of the spin-orbit interaction of the material. It is also symmetrical to ε = 0. The latter introduces an effective coupling between the two Kramer's partners, that may open a gap in the spectrum of magnitude ε ⊥ .
The behavior of T (ε) is illustrated in Fig.2 , where we see its dependence on the length of the island. For short islands, there is a sizable tunneling amplitude through the magnetic island, while as the length of the magnet increases, the transmission function tends to a step function close to ε ∼ ε ⊥ . We get the following behavior of the transmission function at the opening of the gap as a function of length T (ε ⊥ ) = 1 + (L/L 0 ) 2 −1 , while the slope behaves as dT /dε| ε
, which saturates at the value of 2/3, for increasing L. For energies ε > ε ⊥ , T (ε) exhibits oscillations with maxima T max (ε n ) = 1 and minima T min (ε m ) = 1 − ε ⊥ /ε m 2 at energies satisfying
an integer (half-integer) number, respectively. The impact of the features of the transmission function on the thermoelectric performance for the heat engine is illustrated in Fig.3 for two lengths of the magnetic domain, in a range of chemical potentials close to the edge of the energy gap, within a temperature range scaled by the reference temperature T 0 = ε ⊥ /k B . For the shortest length shown in panels (a) and (b), L = 10L 0 , T (ε ⊥ ) < 0.01 and dT /dε| ε ⊥ ∼ 0.65, i.e. close to the maximal slope (2/3), implying a pronounced step in the transmission function at the closing of the energy gap. The plots shown in Figs.(c) and (d) correspond to an island of twice the length, and the step is only slightly more pronounced. For very low temperatures, within a scale k B T smaller than the width of the peaks of T (ε), both P max and ZT vanish for µ = ε n (see arrows in panels a. and b.). As the temperature increases, the behavior of these quantities is ruled by the effect of several peaks. At sufficiently high temperature, such that several maxima of T (ε) are included in an energy window of width k B T , the behavior is dominated by the average between the envelopes for the minima and the maxima of T (ε). The resulting function is approximately a smoothed stepfunction, independently of the length of the island. For this reason, P max shows a wide maximum centered at ∼ |ε ⊥ − µ| ∼ k B T [19, 49] . The maximum is as high as ∼ 0.28P 0 , i.e. ∼ 87% of the bound 0.32P 0 . T (ε) is symmetric with respect to ε = 0 and has a well-function of unit depth and width ∼ 2ε ⊥ . This feature dominates the behavior of the power and ZT at high temperatures. These properties depend mildly on the length of the island. Details of the effect of the different features of T (ε) on the thermoelectric response as a function of T are presented in the supplementary material (SM) [63] .
Results for two domains. We now turn to analyze the effect of having a inhomogeneous magnetization along the island. We focus on the simple case where we have two pieces, corresponding to N = 2 in Eq. (7) with L 1 = L 2 = L, φ 1 = 0, φ 2 = φ, and ε ⊥,1 = ε ⊥,2 = ε ⊥ . The resulting transmission function reads,
For the case of an antiferromagnetic configuration (φ = π), there is a simple expression for the minima. It reads
, where ε m has the same expression as before. The new feature in the present case, in comparison the the case of a single magnetic moment, is the existence of resonances within the gap, |ε| < ε ⊥ , for φ = 0. For φ = π, we can verify analytically the existence of a resonance at ε = 0 [63] .
The transmission function is shown in Fig. 4 for a set of orientations. The corresponding thermoelectric response is shown in 5. Close to the edge of the gap, the minima of T (ε) for antiferromagnetic alignment, are deeper than the ones for a single ferromagnetic island. On the other hand, for φ = π, the energy difference between peaks is twice the one for φ = 0 (notice that the latter corresponds to a single island with total length 2L). Hence, for two antiferromagnetic domains, the first peak after the closing of the gap is expected to show a thermoelectric response with a high figure of merit, similar to that of a Lorenzian function within a range of temperatures larger than in the case of a single ferromagnetic one. This is also the case of the resonances within the gap, as shown in Fig. 5 . See more details in Ref. [63] .
Conclusions. We have analyzed the transmission function characterizing the coherent transport of electrons in a structure consistent of a pair of helical edge states of a 2D TI coupled by a magnetic island with a magnetic moment having a component perpendicular to the direction of the spin orbit of the TI. We have shown that this setup has the necessary conditions to achieve high performance thermoelectricity. The key is the opening of a gap in the spectrum of the helical edges with a steep increase of the transmission function at the opening of the propagating modes in the spectrum. Depending on the energy range and the configuration of the magnetic domains, the transmission function has features akin to a theta-function, as well as with features akin to a deltafunction, which are known to be optimal for high-power production and figure of merit, respectively. Due to the resonant states in the gap for two magnetic domains, very large values of the figure of merit, ZT > 100, are attained for the heat-engine and refrigeration modes. Our calculations focus on a single pair of edge states, but the currents simply scale in a factor two when the pair at the opposite edge is considered. The range of operation is set by the magnetic gap ε ⊥ . For a single magnetic moment with µ B m ∼ 1.8 − 4T [64] , we estimate ε ⊥ ∼ 1 − 2 × 10 −4 eV , corresponding to reference temperatures T 0 ∼ 1.2−2.4K. According to our study, the device operates as a heat engine at a high performance (larger than 85% of the optimal bound) regarding power generation with a figure of merit ZT ∼ 3 for T < 0.5T 0 with a length of the magnetic island of ∼ 10L 0 , being L 0 = ε ⊥ / v F . Taking estimates for the Fermi velocity of the helical edge states in quantum wells of HgTe from Ref. [33] , we have v F ∼ 0.9eV /nm, leading to L 0 ∼ 10 − 20µm. These parameters are at the state of the art of present experimental realizations.
